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We study the quantum phases and phase transitions of the Kane-Mele Hubbard (KMH) model on a
zigzag ribbon of honeycomb lattice at a finite size via the weak-coupling renormalization group (RG)
approach. In the non-interacting limit, the KM model is known to support topological edge states
where electrons show helical property with orientations of the spin and momentum being locked.
The effective inter-edge hopping terms are generated due to finite-size effect. In the presence of
an on-site Coulomb repulsive interaction and the inter-edge hoppings, special focus is put on the
stability of the topological edge states (TI phase) in the KMH model against (i) the charge and
spin gaped (II) phase, (ii) the charge gaped but spin gapless (IC) phase and (iii) the spin gaped but
charge gapless (CI) phase depending on the number (even/odd) of the zigzag ribbons, doping level
(electron filling factor) and the ratio of the Coulomb interaction to the inter-edge tunneling. We
discuss different phase diagrams for even and odd numbers of zigzag ribbons. We find the TI-CI,
II-IC, and II-CI quantum phase transitions are of the Kosterlitz-Thouless (KT) type. By computing
various correlation functions, we further analyze the nature and leading instabilities of these phases.
PACS numbers: 72.15.Qm, 7.23.-b, 03.65.Yz
I. INTRODUCTION.
Recently, there has been growing interest in topo-
logical insulators (TIs) and superconductors which sup-
port gapless edge (surface) states while the bulk remains
insulating1,2. These surface states come as a consequence
of the spin-orbit (SO) couplings, and are protected by the
time-reversal symmetry (TRS)1,2. The topological na-
ture of TIs lies in the non-trivial topological Z2 invariant
3
while it becomes trivial for an ordinary band insulator
(BI). The theoretical predictions4–6 of TIs have been soon
observed experimentally in various insulators with strong
SO couplings7. In two-dimensional systems, these topo-
logical states have been predicted in the framework of
the quantum spin Hall insulator (QSHI)3,8–12, and have
been realized experimentally soon after in HgTe/CdTe
quantum well structures4. Unlike the integer quantum
Hall where the chiral (one propagating mode of electrons
with a single spin species) edge states are generated by
an external magnetic field which breaks TRS, the TRS
preserving QSHI systems lead to helical edge states in
the absence of a magnetic field in which propagation di-
rection at one edge is opposite for opposite spins12. This
one-dimensional helical edge state electrons are protected
by TRS3 and are free of spin-flip backscatterings2. As a
result, they lead to perfect transmission in charge trans-
port along the edge13.
A simple theoretical model was first introduced by
Haldane8 and later proposed by Kane and Mele3,9 (the
KM model) to capture the helical edge states of QSHIs.
The KM model was aimed to describe edge states in
graphene. Though the SO coupling in graphene is ex-
pected to be too small to observe the edge states, the
KM Model is regarded as a generic model for 2D TIs.
The existence of the helical edge states in KM model has
been well studied. Recently, more attention has been put
on the stability, exotic quantum phases and phase transi-
tions of the helical edge states and possible exotic quan-
tum phases in the correlated Kane-Mele Hubbard14–18
model upon including the on-site Coulomb repulsions
(the Hubbard U term) in the KM model. In a pioneering
work by Meng et al. in Ref. 14 via Quantum Monte
Carlo and dynamical mean-field approaches, the helical
edge states are stable up to a finite Hubbard interaction,
and a gaped spin-liquid phase was predicted in the phase
diagram of the KM Hubbard model at half filling for
small to intermediate range of U . Moreover, the 1D Lut-
tinger liquid physics with power-law correlations for the
helical edge states has been studied numerically16 as well
as analytically19 in the framework of the KM Hubbard
model. Meanwhile, the doping effect on the KM Hub-
bard model was addressed in Ref. 20 where spin liquid
phase was argued to become superconducting state.
In this paper, we present a theoretical analysis on
the KM Hubbard model at half filling and away from
half filling from a different perspective: we analyze the
model on a finite-sized zigzag ribbon (where the helical
edge states have been realized numerically in the tight-
binding KM model15) with a ribbon width L = (N − 1)b
(N being the number of zigzag chain in a ribbon and
b is defined in Fig. 1) in the weak-coupling (weak on-
site Coulomb U) limit via perturbative renormalization
group (RG) combined with the bosonization approaches.
Note that one can alternatively study the model on an
armchair ribbon, which was suggested to support edge
states in graphene (equivalent to the KM model without
SO coupling)21. The authors in Ref. 17 have studied the
effects of long-range Coulomb interactions on the edge
2states of a finite-sized zigzag KM ribbon. The effects of
the short-ranged electron-electron interaction on the he-
lical edge states of the KM model have been addressed in
Ref. 22. We shall emphasize here the stability of the heli-
cal edge states against the combined short-ranged on-site
Coulomb interaction the and finite size effects, as well as
possible other emerged quantum phases and phase tran-
sitions (QPTs)23 among them.
The finite-size effect manifests itself in the structure of
the energy spectrum and in an effective inter-edge tun-
neling terms. We further find that these behaviors for
even number of zigzag KM ribbons (N = even) are dif-
ferent from those for N = odd. For N = even, a finite
energy gap is found at half filling where the Fermi energy
is at the Dirac point ka = π. This small gap is due to
breaking of the sublattice translational invariance at the
boundaries, and can be explained in terms of an effective
finite single-particle inter-edge tunneling, which decays
exponentially with increasing L. Away form half filling,
the energy dispersion becomes gapless at the Fermi level.
For N = odd, however, the energy spectrum is gapless
and the single-particle inter-edge tunneling vanishes for
both half filling and away from half filling. Nevertheless,
for both N = even and N = odd, two-particle processes,
effective inter-edge two-particle spin-flip and inter-edge
Umklapp (two-particle backscattering) terms, are gener-
ated via second-order inter-edge hoppings.
Our stability analysis of the KMH ribbon is summa-
rized as follows. For N = even, the energy gap at
half-filled at the Dirac point gives rise to a charge and
spin gaped (insulating) (II) phase22; at a generic filling,
however, the two-particle processes when combined with
the effect of the Hubbard U term lead to the instabili-
ties of the helical edge states towards a charge gapless
but spin gaped (CI) phase22 in the RG analysis via the
Kosterlitz-Thouless type of quantum phase transitions.
When L → ∞, the inter-edge hopping term vanishes,
the TI phase at half filling is unstable against the charge
gaped but spin gapless (IC) phase22 for arbitrary U > 0,
while it is stable away from half filling. For N = odd,
the single-particle inter-edge tunneling is absent, while
the combined two-particle inter-edge hoppings and the
on-site Coulomb repulsions make the TI unstable for any
finite U or inter-edge tunneling. As a result, the TI phase
moves towards CI or IC or II phase depending on the ra-
tio of Coulomb interaction and the inter-edge tunneling.
The phase transitions for II-IC and II-CI are of the KT
type.
By computing various correlation functions, we further
analyze the instabilities of the helical edge states, the CI
and IC phases towards the charge-density-wave (CDW),
spin-density-wave (SDW) as well as the singlet (SS) and
triplet (TT) superconducting states.
The remaining parts of the paper is organized as fol-
lows. In Sec. II, the Kane-Mele Hubbard at a finite
size is introduced. The model is re-expressed in terms
of the scalar and vector current operators. In Sec. III,
the stability of the helical edge states is addressed via
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FIG. 1: (Color online) Honeycomb lattice of a finite-sized
zigzag ribbon of the tight-binding Kane-Mele model with the
ribbon size N = 4 (N being the number of zigzag chains
along x−axis) along y−axis. The honeycomb lattice consists
of two inter-penetrating triangular lattices denoted by sub-
lattice A (dark circles) and sublattice B (open circles) with
lattice vectors a1 and a2 (dashed arrows). The zigzag ribbon
shows translational symmetry along x−axis. The nearest-
neighbor lattice vectors between nearest-neighbor A and B
sites are denoted by ei=1,2,3 with a lattice constant a. The
red (black) arrows within sublattice A(B) represent the direc-
tions of the next-nearest-neighbor hopping term λSO in the
KM model (see text). The gray shaded region represents for
the super-unit-cell of the zigzag ribbon, which repeats itself
along x−axis.
weak-coupling RG analysis. We also address the nature
of the quantum phase transitions between the TI and
other quantum phases. We conclude in Sec. IV.
II. MODEL HAMILTONIAN.
A. The non-interacting Kane-Mele zigzag ribbon
Before we study the interacting Kane-Mele Hubbard
model, it is worthwhile summarizing the main results
for the non-interacting Kane-Mele (KM) model on a
zigzag ribbon of honeycomb lattice, given by the follow-
ing Hamiltonian3:
HKM = −t
∑
〈ij〉,σ
c†iσcjσ + iλSO
∑
〈〈ij〉〉,σ
νijc
†
iσs
zcjσ + h.c.
(1)
where 〈i, j〉 and 〈〈i, j〉〉 refer to the nearest-neighbor
(NN) and next-nearest-neighbor (NNN) sites, respec-
tively. The NN and NNN lattice vectors for the hon-
eycomb lattice are denoted respectively by ei=1,2,3 and
ai=1,2
15:
e1 = a¯(0, 1), e2 = a¯/2(
√
3,−1), e3 = a¯/2(−
√
3,−1),
a1 = a¯/2(
√
3, 3), a2 = a¯/2(−
√
3, 3) (2)
with a¯ being the lattice constant between nearest-
neighbor A and B. The spin-orbit coupling term is repre-
sented by the imaginary NNN hopping λSO term within
the same sublattice where νij = 1 for i, j ∈ A (red coun-
terclockwise arrows in Fig. 1) and νij = −1 for i, j ∈ B
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FIG. 2: (Color online) Energy spectrum of a finite-sized
Kane-Mele model on a zigzag ribbon for (a) N = 4, (b) N = 5
of honeycomb lattice. Here, we set t = 1, λSO/t = 0.2.
(blue clockwise arrows in Fig. 1). In the absence of the
SO coupling, the KM model on zigzag ribbon reduces to
the tight-binding Hamiltonian of a 2D zigzag graphene
nano-ribbon (ZGNR)25, which shows two in-equivalent
Dirac points located at k ≡ kx = ± 2pi3a with kx being
momentum along x−axis with a ≡ √3a¯. Meanwhile,
there exists a zero-energy flat band extended in the in-
terval of 2π/3 ≤ ka ≤ 4π/3, known to correspond to the
edge state of ZGNR25,26. It has been shown that the
magnitudes of the edge state wave functions decay ex-
ponentially with distance away from the two edges, and
the edge states are completely localized at the edges for
ka = π27,28.
In the presence of SO couping, the KM Hamilto-
nian HKM for a finite-sized zigzag ribbon (see Fig. 1)
on honeycomb lattice supports helical edge states
Ψ
↑(↓)
R,1(2),Ψ
↓(↑)
L,1(2) with topological nature
3,15. Here, Ψ
↑(↓)
R,1(2)
stands for the wave function of the right-moving edge
state electron with spin up (spin down) along the edge 1
(2), respectively. The indices 1 and 2 also refer to the top
and bottom edge, respectively. Similarly, Ψ↓↑L,1(2) stands
for the the wave function of the left-moving edge state
electron with spin down (spin up) along the edge 1 (2),
respectively. The helical nature of these topological edge
states manifest itself in the lock-in between the electron
spin configuration and the direction of its momentum.
In the limit of large ribbon size N ≫ 1, the electron
operator cσi (x) near the edge can be decomposed approx-
imately in terms of these well-localized edge states as:
c
↑(↓)
1(2)(x) ≈ Ψ
↑(↓)
R,1(2)(x)e
ikF x,
c
↓(↑)
1(2)(x) ≈ Ψ
↓(↑)
L,1(2)(x)e
−ikF x. (3)
The Hamiltonian of the edge Hedge is therefore given by:
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FIG. 3: (Color online) Energy spectrum of a finite-sized
Kane-Mele model on a zigzag ribbon for (a) N = 16, (b) N =
15 of honeycomb lattice. Here, we set t = 1, λSO/t = 0.2.
Hedge = −ivF
∫
dx[Ψ†↑R,1∂xΨ
↑
R,1 −Ψ†↓L,1∂xΨ↓L,1
+ Ψ†↓R,2∂xΨ
↓
R,2 −Ψ†↑L,2∂xΨ↑L,2] (4)
with vF being the Fermi velocity.
At a finite system size, however, the edge state elec-
tron wave functions acquire an additional functional de-
pendence on y−axis (c↑(↓)1(2)(x, y)) and are found to extend
over a finite range in bulk via diagonalizing the tight-
binding KM ribbon. The Hamiltonian of the edge states
in this case are given by:
Hedge = vF
∫
dk
∫
dyk[Ψ¯†↑R,1(k, y)Ψ¯
↑
R,1(k, y)
− Ψ¯†↓L,1(k, y)Ψ¯↓L,2(k, y)
+ Ψ¯†↓R,2(k, y)Ψ¯
↓
R,2(k, y)− Ψ¯†↑L,2(k, y)Ψ¯↑L,2(k, y)],
(5)
where Ψ¯
↑(↓)
R/L,1(2)(k, y) are the edge state electron oper-
ators for a KM ribbon at a given momentum k and y
obtained via Fourier transforming c
↑(↓)
1(2)(x, y) along the
x−axis:
Ψ¯
↑(↓)
R,1(2)(k, y) =
∫
dxe−ikxc↑(↓)1(2)(x, y),
Ψ¯
↓(↑)
L,1(2)(k, y) =
∫
dxe−ikxc↓(↑)1(2)(x, y). (6)
Note that Ψ¯
↑(↓)
R/L,1(2)(k, y) can be obtained numerically as
the eigenstates of the Dirac dispersed helical edge states
via diagonalizing the finite-sized zigzag KM ribbon. As
shown in Fig. 2 and Fig. 3, we numerically diagonalize
the KM model at N = even (N = 4, 16) and N = odd
(N = 5, 15) zigzag ribbon15,24. Two pairs of Dirac dis-
persed edge states (Ψ¯
↑(↓)
R,1(2), Ψ¯
↓(↑)
L,1(2)) emerge in the energy
4spectrum of a finite-sized KM zigzag ribbon, and they
tend to intersect at the Dirac points ka = ±π. How-
ever, at the Dirac points, a finite energy gap is developed
for N = even, while no gap is seen for all N = odd
(see Fig. 2). We shall focus on this even-odd effect in
more details below. Similar to the case for ZGNR, for
2π/3 ≤ ka ≤ 4π/3, we find the square magnitude of
the two degenerate edge state eigenfunctions |Ψ(y)|2 =
|Ψ¯L/R,i(k, y)|2 (except for N = even and ka = ±π) show
a symmetrical exponential decay from one edge to the
other with respect to the ribbon center (y = L/2) from
both edges into the bulk as a function of the distance to
the corresponding edge. Here, y measures the distance
to the edge along y−axis and y = 0 corresponds to the
first (top) zigzag chain. Also, to simplify the discussions,
we use an integer index y/b + 1 = Ni = 1, 2, · · ·N with
y = (Ni − 1)b for labeling the Ni-th zigzag chain along
y−axis for a ribbon with N zigzag chains; y = 2b corre-
sponds to the position of the third (Ni = 3) zigzag chain.
As shown in Fig. 4 (b) and Fig. 5, the decay of these edge
states is well fitted by the following exponential form:
|Ψ¯L/R,i(k, y)|2 ∝ e−βy/b (7)
where β is the decay constant depends on the momentum
k. For N = even and at the Dirac point ka = π, we find
the right and left moving edge states get hybridized so
that the square magnitudes |Ψ(y)|2 = |Ψ¯hy,i(y)|2 of the
two degenerate edge states are maximized on both edges
(see Fig. 4 (a)). Note that we find via eigenvector analy-
sis of our numerical results through exact diagonalization
of the finite-sized KM ribbon that these distinct two hy-
bridized edge state wave-functions :Ψ¯hy,1(y) 6= Ψ¯hy,2(y)
show the same magnitudes: |Ψ¯hy,1(y)| = |Ψ¯hy,2(y)|. Nu-
merically, the values of |Ψ(y)|2 as a function of y for a
given edge state are obtained approximately by summing
over the square of the matrix elements of the correspond-
ing edge-state eigenvector contributed from both sublat-
tices: |Ψ(y)|2 = |ΨA(y)|2+ |ΨB(y+ a¯/2)|2. Also, we find
the square magnitude |Ψ(y)|2 at ka = π for N = even
(see Fig. 4(a)) oscillate along y−axis. Similar oscillations
are found for N = odd but not shown in Fig. 5(a) as the
values of |Ψ(y)|2 for N = odd near edges are vanishingly
small and go beyond the logarithmic scale shown there.
This oscillatory behavior agrees qualitatively with that
shown in Ref. 17.
Based on our numerical results, the edge states are
much more localized at the Dirac point ka = ±π: β(k =
π/a) > 1 compared to that at other values of k. For
2π/3 < ka < π, however, the edge state wave functions
extend over a finite region in the bulk (see Fig. 4 (b)). In
both cases, a weak but finite overlap between edge and
bulk electron wave functions is expected to be present
in the zigzag KM ribbon, which generates an effective
inter-edge hoping t⊥ term approximately as (see Fig. 6
and Sec. II B):
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FIG. 4: (Color online) The square magnitude of the edge
state wave function |Ψ|2 of the KM zigzag ribbon at half fill-
ing as a function of y/b+1 (defined in text) for N = 14 and (a)
for ka = π and (b) for ka = π± 0.2π. Here, |Ψ|2 (blue circles
and red squares) represents for the square magnitude of the
two edge state wave functions, which are degenerate eigen-
states at the corresponding wave vector k. In (a), the two hy-
bridized degenerate edge state wave functions Ψ = Ψhyb,i=1,2
(red and blue symbols) lead to the same square magnitude,
|Ψhyb,1|
2 = |Ψhyb,2|
2, in (b), we make the following identifica-
tions: Ψ(y) = Ψ↑R,1 (blue) and Ψ(y) = Ψ
↑
L,2 (red). The solid
lines are guides to the eyes in (a), and in (b) they are fits to
the exponential form in Eq. (7). We set λ/t = 0.1.
Ht⊥ = t⊥
∑
σ=↑,↓
∫
dx[c†σ1 c
σ
2 + h.c.]
≈ t⊥
∫
dxe2ikF x
(
Ψ†↑R,1Ψ
↑
L,2 +Ψ
†↓
R,2Ψ
↓
L,1
)
+ h.c..
(8)
with x = na and n = ±1,±2, · · · . The value of t⊥ in
Eq. (8) can be estimated numerically via diagonalizing
the finite-sized KM ribbon:
Ht⊥ = t⊥
∑
σ=↑,↓
∫
dx
∫
dy[c†σ1 (x, y)c
σ
2 (x, y) + h.c.]
≈ t⊥
∫
dy[Ψ¯†↑R,1(kF , y)Ψ¯
↑
L,2(kF , y)
+ Ψ¯†↓R,2(kF , y)Ψ¯
↓
L,1(kF , y)] + h.c..
(9)
The Ht⊥ turns out to be important in our RG analy-
sis on the stability of the helical edge states (see be-
low). The magnitude of t⊥ can be estimated via the
overlap integral29 of the opposite edge state wave func-
tions through exact diagonalization of the tight-binding
KM model at a finite-sized ribbon (see Eq. (9))30:
t⊥ ≈ t
∫ L
0
dy[Ψ¯∗↑R,1(y)Ψ¯
↑
L,2(y) + Ψ¯
∗↓
L,1(y)Ψ¯
↓
R,2(y) + c.c.],
(10)
where we have dropped the kF dependence in
Ψ¯σL/R,α(kF , y) in Eq. (10). At half filling, kFa = ±π,
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FIG. 5: (Color online) The square magnitude of the edge
state wave function |Ψ|2 of the KM zigzag ribbon at half filling
as a function of y/b + 1 for (a) N = 15 and ka = π and (b)
for N = 15 and ka = π ± 0.2π. Here, |Ψ|2 (blue circles and
red squares) represents for the square magnitude of the two
edge state wave functions, which are degenerate eigenstates
at the corresponding wave vector k. The solid lines are fits to
the exponential form in Eq. (7). We set λ/t = 0.1. Note that
in (a) |Ψ|2 is shown for only even values of y/b (see text).
hence e2ikF x = 1 and Ht⊥ can in general survive. How-
ever, N = even and N = odd lead to different results in
this case as explained below.
For N = even, due to breaking of the sublattice trans-
lational invariance at the boundaries results in a finite
t⊥. This leads to opening up a gap ∆ in the excitation
spectrum at the Dirac point when combining Eqs. (4)
and (8):
ǫ(k − π/a) ≈ ±
√
v2F (k − π/a)2 + (∆/2)2 (11)
with ∆ = 2t⊥. We numerically analyzed the gap ∆ as
shown in Fig. 7. The existence of a finite t⊥ not only
agrees with the energy gap at the Dirac point, it also
explains the hybridization of the left and right moving
edge states that we found in numerics as the eigenstates
of the edge states in the presence of t⊥ are linear combi-
nations of left and right moving edge states. It is clear
from Fig. 7(a) that the magnitude of the gap decreases
with increasing the ribbon size L. In fact, it shows an
exponential decay (see Fig. 7 (b)):
∆ ≈ ∆0e−αL (12)
with α being the decay constant.
Note that the decay of the small gap ∆ was found
to be power-law fashion in Ref. 17 by a different (ana-
lytical) approach based on the analytical eigenstates for
KM model on 2D honeycomb lattice. With increasing
λSO, we find the magnitude of ∆ increases with increas-
ing λSO, which comes as a result of the increase in bulk
band gap ∆SO. We will show in Sec. IV. that this gaped
phase corresponds to the charge and spin insulating (or
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FIG. 6: (Color online) Schematic diagram for the inter-edge
hopping term t⊥ (red or blue dashed line).
II) phase. In the limit of infinite ribbon width L → ∞,
the gap ∆ vanishes and the gapless Dirac spectrum is
recovered. However, for N = odd, the sublattice transla-
tional symmetry at boundaries leads to cancellations in
the overlap integral Eq. (10) between sublattices A and
B.
At a generic filling away from half-filled, the oscilla-
tory phase factor e2ikF x in t⊥ term results in cancel-
lations upon averaging over x and Ht⊥ hence vanishes.
As shown below, we also numerically confirmed this re-
sult via Eq. (10). Though Ht⊥ term survives only for
N = even and at half filling, as shown below, additional
two-particle scattering terms are generated via second-
order inter-edge tunnelings, which play an important role
in all above-mentioned cases in our stability analysis of
the helical edge states in KMH ribbon.
B. The Kane-Mele Hubbard model on a zigzag
ribbon
Based on the above results for the non-interacting KM
model on a finite-sized zigzag ribbon, we now perform an
analytical analysis via perturbative RG approach on the
weakly interacting KM model (the KM Hubbard model)
by including a weak on-site Hubbard U term in HKM .
Upon including the on-site Hubbard U term, the Hamil-
tonian of the Kane-Mele-Hubbard (KMH) model reads:
HKMH = HKM +HU ,
HU = U
∫
dx
∫
dy[n↑(x, y)n↓(x, y)],
nσ(x, y) = c†σ(x, y)cσ(x, y) (13)
with U > 0. To simplify our calculations, we consider
HKM approximately as three different contributions: (i)
the well-localized edge state Hedge, (ii) the insulating
bulk states Hb, and (iii) a weak coupling between edge
and the bulk states Ht′ due to the finite-size effect:
HKM ≈ Hedge +Hb +Ht′ , (14)
where the edge part Hedge is defined in Eq. (4), the bulk
part Hb of HKM is given by:
Hb =
∑
k,α=↑,↓
HKM (c
α
b (k), c
†,α
b (k)),
(15)
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FIG. 7: (Color online) (a) Energy spectrum ǫ versus mo-
mentum k of the topological edge states of a finite-sized (N
zigzag chains) Kane-Mele model on a zigzag ribbon of honey-
comb lattice near the Dirac point ka = π for different ribbon
sizes. Here, we set t = 1, λSO/t = 0.5. (b) Energy gap ∆ at
the Dirac point as a function of N for different values of λ.
and the edge-bulk overlap term Ht′ reads:
Ht′ = t
′
∫
dx[e−ikF xΨ†↑R,1c
↑
b,1(x) + e
ikFxΨ†↓L,1c
↓
b,1(x)
+ e−ikF xΨ†↓R,2c
↓
b,2(x) + e
ikF xΨ†↑L,2c
↑
b,2(x)],
(16)
where t′ ∼ O(t, λSO). where cσb,1(2)(x) stands for the bulk
electron operators near edge 1(2). We further simplify
the Hubbard U term HU in Eq. (13), and decompose it
into the edge HU,e and the bulk HU,b contributions as:
HU = HU,e +HU,b,
HU,e = U
∫
dx
∑
i=1,2
[n↑i (x)n
↓
i (x)],
HU,b = U
∫
dx
∫
dy[n↑b(x, y)n
↓
b(x, y)]. (17)
Here, i = 1(2) refers to the top (bottom) edge, cαb (k) is
the electron destruction operator in the bulk. Also, the
Hb term, representing the KM model of the bulk elec-
trons, shows an energy dispersion Eb(k) with an energy
gap ∆so ∼ 6
√
3λSO
15. For the periodic 2D KM model,
Eb(k) has been shown to be (see Ref. 15):
Eb(k) = ±
√
|gk|2 + γ2k,
gk = t
√
3 + 2 cos(
√
3ky) + 4 cos(
√
3ky/2) cos(3kx/2),
γk = λSO[− sin(
√
3ky) + 2 cos(3kx/2) sin(
√
3ky/2)].
(18)
To simplify our analysis, we assume here the bulk bands
are well-separated by the bulk gap ∆SO in the presence
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FIG. 8: (Color online) Schematic diagrams for (a) the inter-
edge Umklapp gum (red and blue arrows) and (b) the inter-
edge spin-flip g⊥σ processes.
of a finite spin-orbit coupling λSO, and U ≪ λSO. The
on-site Hubbard U term along the edges HU,e can be
re-written as:
HU,e = Hρ +H
z
σ,
Hρ = gρ
∫
dxJρLJ
ρ
R,
Hzσ = g
z
σ
∫
dx ~JzL
~JzR,
(19)
where JρR/L is the U(1) scalar current operator and J
z
L/R
is the z−component of the SU(2) vector current operator
~Ja=x,y,zL(R) , defined respectively as
32,33:
JρL(R) =
∑
i=1,2
JρL(R),i,
JρL,1(2) = Ψ
†↓(↑)
L,1(2)Ψ
↓(↑)
L,1(2),
JρR,1(2) = Ψ
†↑(↓)
R,1(2)Ψ
↑(↓)
R,1(2),
~Ja=x,y,zL(R) = Ψ
†α
L(R)~σ
a
αβΨ
β
L(R),
~JzL(R) =
1
2
(Ψ†↑L,2(R,1)Ψ
↑
L,2(R,1) −Ψ†↓L,1(R,2)Ψ↓L,1(R,2)).
(20)
Here, gρ and g
z
σ take the following bare (initial) values in
the context of renormalization group analysis: gρ(µ0) ≡
gρ,0 = U/2, g
z
σ(µ0) ≡ gz,0σ = −2U with µ0 being the
bandwidth of the tight-binding KM model.
We now turn our attention to Ht′ term in Eq. (14). In-
tegrating out the bulk electron cαb in Eqs. (15) and (16),
an effective inter-edge tunneling term Ht⊥ as shown in
Eq. (8) is generated where t⊥ ∼ Dbulk(t′)2/∆SO with
Dbulk being the average electron density of states in the
bulk. The estimation for t⊥ here can be compared to
that in Eq. (10) via numerical diagonalization of the KM
ribbon. Note that the inter-edge hoping t⊥ (or the bulk
gap ∆SO) is enhanced with increasing spin-orbit coupling
λSO: t⊥ ∝ (t′)2/∆SO ∝ λ2SO/∆SO ∝ λSO (see Fig. 7(b)).
Apart fromHt⊥ , the linear term in t⊥, for both half filling
and away from half filling cases, Ht⊥ term will generate
through the second order perturbation theory the follow-
ing two two-particle scattering terms which turn out to
72 4 6 8 10 12 14 16
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FIG. 9: (Color online) The exponential decay of t¯⊥ as a
function of odd number of zigzag chains N .
be important in the stability analysis of topological edge
states:
H˜t⊥ = Hum +H
⊥
σ ,
Hum = gum
∫
dx[ei4kF x[Ψ†↑R,1Ψ
†↓
R,2Ψ
↑
L,2Ψ
↓
L,1
+
1
2
(Ψ†↑R,1(x)Ψ
†↑
R,1(x+ a)Ψ
↑
L,2(x)Ψ
↑
L,2(x+ a)
+ Ψ†↓R,2(x)Ψ
†↓
R,2(x+ a)Ψ
↓
L,1(x)Ψ
↓
L,1(x+ a))] + h.c.],
H⊥σ = g
⊥
σ
∫
dx(J+L J
−
R + h.c.), (21)
whereHum andH
⊥
σ represent for the inter-edge Umklapp
and inter-edge spin-flip terms, respectively (see Fig. 8),
and the transverse components of the SU(2) vector cur-
rent operators J+L/R, J
−
L/R are defined as:
J+L(R) ≡ ~JxL(R) + i ~JyL(R) = Ψ†↑L,2(R,1)Ψ↓L,1(R,2),
J−L(R) ≡ ~JxL(R) − i ~JyL(R) = Ψ†↓L,1(R,2)Ψ↑L,2(R,1),
(22)
Similar to Eq. (9), the bare couplings for H⊥σ and Hum,
gum(µ0) ≡ g0um and g⊥σ (µ0) ≡ g⊥,0σ can be estimated
numerically as:
g0um ≈
t
4
∫ L
0
dy[Ψ∗↑R,1(y)Ψ
∗↓
R,2(y)Ψ
↑
L,2(y)Ψ
↓
L,1(y)
+
1
2
(Ψ∗↑R,1(y)Ψ
∗↑
R,1(y)Ψ
↑
L,2(y)Ψ
↑
L,2(y)
+ Ψ∗↓R,2(y)Ψ
∗↓
R,2(y)Ψ
↓
L,1(y)Ψ
↓
L,1(y)) + c.c],
g⊥,0σ ≈
t
2
∫ y
0
dy[Ψ∗↑L,2(y)Ψ
↓
L,1(y)Ψ
∗↓
R,2(y)Ψ
↑
R,1(y) + c.c.].
(23)
Note that the inter-edge Umklapp term Hum depends
sensitively on the electron filling factor. At half filling,
ei4kF x = 1, Hum therefore in general survives. For N =
even, we find −g0um = g⊥,0σ = t2⊥/t via the energy gap
∆ at the Dirac point. For N = odd, by substituting the
edge state wave functions that we numerically obtained
based on the tight-binding KM ribbon into Eq. (23), we
find −g0um = g⊥,0σ ≡ t¯2⊥/t, where
t¯2⊥ ≈ t2
∫ L
0
dy|Ψ↑R,1(y)|2|Ψ↑L,2(y)|2. (24)
We further find numerically that t¯⊥ shows an exponential
decay with increasing the ribbon width L, similar to the
case for N = even:
t¯⊥ ∝ e−γkL (25)
with γk being the decay constant (see Fig. 9). Note that
at half filling, γk=pi/a ≫ 1 (or t⊥/t ≪ 1) due to the
well-localized edge states.
When the system is away from half filling, however,
the oscillatory factor ei4kF x in Hum leads to cancellations
upon summing over x, and therefore Hum term vanishes
completely. Nevertheless, H⊥σ term still survive: g
⊥,0
σ ≡
t¯2⊥/t.
Note that similar two-particle scattering processes H⊥σ
and Hum terms have been considered in Ref. 22 in the
context of the tunneling between helical edge states in
a quantum point contact (QPC) as well as in Ref. 31.
However, the authors in Ref. 22 studied the effect of inter-
edge single- and two-particle scattering processes on the
helical edge states for a fixed electron-electron interac-
tions (or Luttinger parameter K), while in Ref. 31 the
authors did not specify the origins of these two-particle
scattering terms. By contrast, the two-particle scatter-
ings we consider here come as a result of second-order
inter-edge tunnelings. Furthermore, we treat the com-
bined effects of the inter-edge two-particle scatterings
H⊥σ , Hum contributed from the inter-edge hopping Ht⊥
as well as Hρ, H
z
σ terms via on-site Hubbard U term in
the weak-coupling limit on equal-footing.
Combining Eqs. (19)-(22), the effective Hamiltonian of
two weakly coupled helical edge states is therefore given
by:
Heffedge = Hedge +HU,e + H˜t⊥
= Hedge +H
⊥
σ +H
z
σ +Hρ +Hum.
(26)
where Hedge can be re-expressed in terms of the scalar
and vector current operators as, similar to that for
an one-dimensional non-interacting electrons at half
filling32,33:
Hedge =
∫
dx[
π
2
vcF
∑
i=1,2
(JρL,iJ
ρ
L,i + J
ρ
R,iJ
ρ
R,i)
+
2π
3
vsF (
~JL · ~JL + ~JR · ~JR)] (27)
with the bare values for the Fermi velocities in the charge
and spin sectors given by: vcF = v
s
F = vF . Note that our
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FIG. 10: (Color online) Quantum phase diagram of the
Kane-Mele Hubbard model at half filling for N = even as a
function of U/t and t2⊥/t. The helical topological edge states
(TI phase) is stable only at U = t⊥ = 0 (dark circle). For a
finite ribbon size, t⊥ 6= 0, the system flows to a charge and
spin gaped (charge and spin insulating or II) phase.
effective Hamiltonian for the edges Eq. (26) describes two
weakly coupled helical Luttinger liquids. In particular,
Hedge, describing two non-interacting helical edge states,
exhibits U(1) × SU(2) symmetry; while as H⊥σ +Hzσ in
the couplings between two edges break the SU(2) spin
rotational symmetry down to Z2 symmetry. Our ef-
fective model for the weakly-coupled helical Luttinger
liquids Hedge can be characterized as one-dimensional
fermionic Hubbard model with SU(2) spin-anisotropic
interactions15,32,33. The breaking of the SU(2) symme-
try of the model comes as a result of the Hubbard U term
at the edges (see Eq. (13)).
III. RG ANALYSIS AND PHASE DIAGRAM
OF THE KMH MODEL.
We now analyze Eq. (26) via renormalization group
approach the stability of the edge states in the pres-
ence of Hubbard interactions. Note that the Hamiltonian
Eq. (26) is closely related to the spin anisotropic Hub-
bard model for one-dimensional electrons where electron-
electron interactions break the SU(2) symmetry32,33.
Following the similar RG analysis to Refs. 32,33, we
may separate the four couplings (gρ, gum, g
⊥
σ , g
z
σ) into two
pairs belonging to the spin sector (gzσ, g
⊥
σ ) and the charge
sector (gum, gρ), respectively. Under RG transforma-
tions, these couplings exhibit the property of spin-charge
separation, i.e. the renormalization of the couplings in
the spin and charge sectors will remain in their own sec-
tor. We shall also analyze the single-particle inter-edge
hopping Ht⊥ term under RG. Below we separately dis-
cuss below the RG scaling equations for the half-filled
and for a generic filling away from half filling for both
N = even and N = odd.
g
g
TI
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z
σ
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FIG. 11: (Color online) The RG flows of the Kosterlitz-
Touless type for the spin sector (g⊥σ , g
z
σ) of the zigzag Kane-
Mele Hubbard ribbon for N = even away from half filling.
The black circle stands for the initial (bare) couplings. The
arrows indicate the directions of the RG flows upon decreasing
the curt-off scale µ from µ0. The red line represents a line
of fixed points in the TI phase, the TI-CI phase boundary
is defined by the separatrix line (thick black arrow). Note
that the coupling gρ does not flow under RG in this case (see
Eq. (35)).
A. N=even
1. At half filling
As shown previously, at half filling (kF a = ±π), the
KM model for a finite-sized zigzag ribbon induces a finite
inter-edge hopping term, t⊥ 6= 0. It can be shown that
under RG transformation32, Ht⊥ in Eq. (8) is a relevant
operator with scaling dimension [t⊥] = −1. Hence, the
RG scaling equation reads32:
dt⊥
d lnµ
= −t⊥, (28)
where µ is the running cutoff in energy. Under RG trans-
formation, the running cutoff scale µ is lowered from
µ0 > 0 to zero. It is clear that t⊥ flows to a strong cou-
pling fixed point, t⊥(µ = 0) = ∞. As a result, both g⊥σ
and gum become relevant under RG as their magnitudes
are proportional to t2⊥. When the two-particle spin-flip
processes g⊥σ term becomes relevant, a spin gap is open-
ing up, while a charge gap develops when the two-particle
backscattering gum term becomes relevant. Therefore,
the t⊥ → ∞ fixed point corresponds to the charge and
spin gaped (or charge and spin insulating II) phase (see
Fig. 10).
2. Away from half filling
We now proceed to address the case of finite doping
away from half filling, kFa 6= π. In this case, the inter-
edge hopping term Ht⊥ and Umklapp term Hum van-
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FIG. 12: (Color online) Quantum phase diagram of the
Kane-Mele Hubbard model away from half filling for N =
even as functions of t2⊥/t and U/t. The helical topological
edge states (TI phase) are unstable towards the charge con-
ducting and spin insulating CI phase for t2⊥/t > 2U . The TI-
CI quantum phase transition set by the boundary t2⊥/t = 2U
is of the Kosterlitz-Thouless (KT) type (red dashed arrows).
ish due to the oscillatory exponential factors e2ikF x and
e4ikF x respectively (see Sec. II). The RG scaling equa-
tions for both finite-sized and infinite-sized ribbons are
reduced to32,33:
dgρ
d lnµ
= 0,
(29)
in the charge sector with g0ρ = U and
dg⊥σ
d lnµ
= −g⊥σ gzσ,
dgzσ
d lnµ
= −(g⊥σ )2,
(30)
in the spin sector with (gz,0σ , g
⊥,0
σ ) = (−2U, t2⊥/t).
Via Eq. (29), it is clear that the system will not de-
velop a charge gap under RG as gρ does not diverge:
gρ(µ) = g
0
ρ ≪ 1. The RG flows in the spin sector, how-
ever, suggest that the topological edge states may un-
dergo the Kosterlitz-Thouless transition upon increasing
t⊥ to a charge gapless but spin gaped (CI) phase charac-
terized by the following fixed point:
CI : g⊥,0σ + g
z,0
σ > 0, g
z
σ(µ→ 0), g⊥σ (µ→ 0)→∞,
gρ(µ→ 0) = 0, gum(µ→ 0) = g0um ≪ 1.
(31)
The TI-CI phase boundary is set by the separatrix
g⊥σ + g
z
σ = 0 (or when t
2
⊥/t = 2U , see Fig. 11). The
helical edge states are therefore stable for t2⊥/t < 2U ,
while it is unstable against the CI phase for U <
t2
⊥
2t .
gρ
−g
  um
2
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II
FIG. 13: (Color online) The RG flows of the Kosterlitz-
Touless type for the charge sector (gρ, gum) of the zigzag
Kane-Mele Hubbard ribbon at half filling for N = odd.
The black circle stands for the initial (bare) couplings at
(g0ρ,−g
0
um) = (U/2, t¯
2
⊥/t). The arrows indicate the directions
of the RG flows upon decreasing the curt-off scale µ from µ0.
The red line represents a line of fixed points in the CI phase,
the CI-II boundary is defined by the separatrix line (thick
black arrow) and its quantum transition is of the Kosterlitz-
Thouless (KT) type. The topological TI phase is stable only
at the origin U = 0 = t¯⊥.
Combing RG flows in both charge and spin sectors, this
spin gaped phase corresponds to the charge conducting
but spin insulating (or CI) phase (see Fig. 12).
B. N=odd
1. At half filling
At half filling, kFa = ±π and t⊥ = 0, all the four cou-
plings (gρ, gum, g
⊥
σ , g
z
σ) exist in general under RG trans-
formations. Their initial (bare) couplings at µ = µ0
are given by: (g0um, g
0
ρ) = (−t¯2⊥/t, U/2), (gz,0σ , g⊥,0σ ) =
(−2U, t¯2⊥/t). The RG scaling equations in this case
can be casted in a spin-charge separated form32,33 and
are readily obtained via the operator product expansion
(OPE) for the current algebra in the one-dimensional
Hubbard model with broken SU(2) symmetry (see, for
example the Appendix in Chapter 17 of Ref. 32):
dgρ
d lnµ
= −g2um,
dgum
d lnµ
= −gumgρ,
(32)
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FIG. 14: (Color online) The RG flows of the Kosterlitz-
Touless type for the spin sector (g⊥σ , g
z
σ) of the zigzag Kane-
Mele Hubbard ribbon for N = odd at half filling. The black
circle stands for the initial (bare) couplings at (gz,0σ , g
⊥,0
σ ) =
(−2U, t¯2⊥/t). The arrows indicate the directions of the RG
flows upon decreasing the curt-off scale µ from µ0. The red
line represents a line of fixed points in the IC phase, the II-
IC phase boundary is defined by the separatrix line (thick
black arrow) and its quantum transition is of the Kosterlitz-
Thouless (KT) type. The topological TI phase is stable only
at the origin U = 0 = t¯⊥.
in the charge sector and
dg⊥σ
d lnµ
= −g⊥σ gzσ,
dgzσ
d lnµ
= −(g⊥σ )2,
(33)
in the spin sector.
As shown in Figs. 13 and 14, the generic RG flows of
Eqs. (32) and (33) are of the Kosterlitz-Thouless (KT)
type. In the charge sector, the RG flows for gum and
gρ with the bare couplings (g
0
um, g
0
ρ) = (−t¯2⊥/t, U/2) are
always towards either the strong-coupling charg and spin
gaped II phase for −2t¯2⊥/t < U < 12 t¯2⊥/t or towards
the charge conducting and spin insulating CI phase for
U < −2t¯2⊥/t. Similarly, in the spin sector, the TI phase is
unstable against either the II phase for −gz,0σ < g⊥,0σ (ie.
t¯2⊥/t > 2U) or against a charge gaped but spin gapless
IC phase for −gz,0σ > g⊥,0σ (ie. t¯2⊥/t < 2U) (see Fig. 14).
Therefore, the TI phase is unstable against any infinites-
mall U 6= 0 and t¯⊥ 6= 0. The II-IC and II-CI quantum
phase transitions are of the KT type. Combining the
RG flows for both spin and charge sectors, we obtain the
global phase diagram shown in Fig. 15 for N = odd and
at half filling:
t
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FIG. 15: (Color online) Quantum phase diagram of the
zigzag Kane-Mele Hubbard ribbon for N = odd at half filling
as a function of U/t and t¯2⊥/t. The helical topological edge
states (TI) are unstable against any U 6= 0 or t¯⊥ 6= 0, and to-
wards the IC, CI and II phases for U > t¯2⊥/(2t), U < −2t¯
2
⊥/t
and −2t¯2⊥/t < U <
1
2
t¯2⊥/t, respectively. The II-IC and II-
CI phase transitions are of the Kosterlitz-Thouless (KT) type
(red dashed arrows).
II : −2t¯2⊥/t < U <
1
2
t¯2⊥/t,
gρ(µ→ 0), gum(µ→ 0)→∞,
t¯2⊥/t > 2U, g
z
σ(µ→ 0), g⊥σ (µ→ 0)→∞.
IC : U >
1
2
t¯2⊥/t > 0,
gzσ(µ→ 0), g⊥σ (µ→ 0)→ 0,
gρ(µ→ 0), gum(µ→ 0)→∞.
CI : U < −2t¯2⊥/t < 0,
gzσ(µ→ 0), g⊥σ (µ→ 0)→∞,
gρ(µ→ 0), gum(µ→ 0)≪ 1.
(34)
The topological edge states (TI) are unstable against
the charge and spin insulating II phase for −2t¯2⊥/t <
U < 12 t¯
2
⊥/t, against the charge insulating abd spin con-
ducting IC phase for U > 12 t¯
2
⊥/t > 0, and against
the charge conducting and spin insulating CI phase for
U < −2t¯2⊥/t < 0. Therefore, TI phase is unstable for
any U 6= 0 or t¯⊥ 6= 0. The II-IC and II-CI quantum
phase transitions are of the KT type. Our results on the
stability of the TI phase for KM Hubbard model on a
zigzag ribbon are different from those in Ref. 22 through
bosonizing the infinite-sized helical Luttinger liquid at a
fixed interaction strength set by the Luttinger parameter
K =
√
1− U
2pivF
1+ U
2pivF
. There, they showed that TI is stable
for 1/2 < K < 2. The difference lies in the fact that
the inter-edge tunneling t⊥ arised from the finite-size ef-
fect plays an important role here while it was absent in
Ref. 22.
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FIG. 16: (Color online) The RG flows of the Kosterlitz-
Touless type for the spin sector (g⊥σ , g
z
σ) of the zigzag Kane-
Mele Hubbard ribbon away from half filling for N = odd. The
black circle stands for the initial (bare) couplings. The arrows
indicate the directions of the RG flows upon decreasing the
curt-off scale µ from µ0. The red line represents a line of fixed
points in the TI phase, the TI-CI phase boundary is defined by
the separatrix line (thick black arrow). Note that the coupling
gρ does not flow under RG in this case (see Eq. (35)).
2. Away from half filling
We now proceed to address the case of finite doping
away from half filling, kFa 6= π. In this case, the Umk-
lapp term Hum vanishes as mentioned in Sec. II. The
RG scaling equations reduce to:
dgρ
d lnµ
= 0,
(35)
in the charge sector with g0ρ = U and
dg⊥σ
d lnµ
= −g⊥σ gzσ,
dgzσ
d lnµ
= −(g⊥σ )2,
(36)
in the spin sector with (gz,0σ , g
⊥,0
σ ) = (−2U, t¯2⊥/t).
Via Eq. (35), it is clear that the system will not de-
velop a charge gap under RG as gρ does not diverge:
gρ(µ) = g
0
ρ ≪ 1. The RG flows in the spin sector (see
Eq. 36), however, suggest that the topological edge states
may undergo the Kosterlitz-Thouless transition upon in-
creasing t¯⊥ to a spin gaped phase. Combing RG flows
in both charge and spin sectors, this spin gaped phase
corresponds to the charge conducting but spin insulating
(or CI) phase (see Fig. 16). The TI-CI phase boundary
is set by the separatrix g⊥σ + g
z
σ = 0 (or when t¯
2
⊥/t = 2U ,
see Fig. 16). The helical edge states are therefore stable
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FIG. 17: (Color online) Quantum phase diagram of the
zigzag Kane-Mele Hubbard ribbon away from half filling for
N = odd as functions of t¯2⊥/t and U/t. The helical topological
edge states (TI phase) are unstable towards the charge con-
ducting and spin insulating CI phase for t¯2⊥/t > 2U . The TI-
CI quantum phase transition set by the boundary t¯2⊥/t = 2U
is of the Kosterlitz-Thouless (KT) type (red dashed arrows).
for t¯2⊥/t < 2U , while it is unstable against the CI phase
for U <
t¯2
⊥
2t (see Fig. 17).
IV. INSTABILITIES, ORDERINGS, AND
CORRELATION FUNCTIONS OF THE
KANE-MELE-HUBBARD MODEL
We now investigate further the nature of the TI, CI,
IC and II phases. In particular, we focus on instabili-
ties towards various orderings and correlation functions
in these phases. Various correlation functions with spe-
cific orderings can be defined for this purpose: (i). the
charge-density-wave OCDW correlation, (ii). the spin-
density-wave Oa=x,y,zSDW correlation, (iii). the singlet OSS
and triplet Oa=x,y,zTS superconducting pairing operators,
where33
OCDW = Ψ†↑R,1(x)Ψ↑L,2(x) + Ψ†↓R,2(x)Ψ↓L,1(x),
OxSDW = Ψ†↑R,1(x)Ψ↓L,1(x) + Ψ†↓R,2(x)Ψ↑L,2(x),
OySDW = −i [Ψ†↑R,1(x)Ψ↓L,1(x)−Ψ†↓R,2(x)Ψ↑L,2(x)],
OzSDW = Ψ†↑R,1(x)Ψ↑L,2(x) −Ψ†↓R,2(x)Ψ↓L,1(x),
OSS = Ψ†↑R,1(x)Ψ†↓L,1(x) + Ψ†↑L,2(x)Ψ†↓R,2(x),
OxTS = Ψ†↑R,1(x)Ψ†↑L,2(x) + Ψ†↓L,1(x)Ψ†↓R,2(x),
OyTS = −i [Ψ†↑R,1(x)Ψ†↑L,2(x)−Ψ†↓L,1(x)Ψ†↓R,2(x)],
OzTS = Ψ†↑R,1(x)Ψ†↓L,1(x) −Ψ†↑L,2(x)Ψ†↓R,2(x).
(37)
Note that some of the operators defined above involve he-
lical electrons on both edges, different from those defined
for a standard Luttinger liquid in one-dimensional inter-
12
acting electrons where all electrons are along the same
one-dimensional wire32,33. To investigate the above cor-
relation functions, it is useful to bosonize the Hamilto-
nian Eq. (26) as22:
Heffedge =
∫
dx[
∑
α=c,s
vα
2
(
Kα(∂xΘα)
2+
1
Kα
(∂xΦα)
2
)
+
t⊥
2πa0
cos(
√
2πΦc + 2kFx) cos(
√
4πΦs)
+
g⊥σ
(2πa0)2
cos(2
√
2πΦs)
+
1
8π
gzσ
(2πa0)2
(∂xΦs − ∂xΘs)
+
gum
(2πa0)2
cos(2
√
2πΦc + 4kFx)
+
1
4
gρ
(2πa0)2
∑
α=c,s
(
(∂xΦα)
2 − (∂xΘα)2
)
]
(38)
where via bosonization formulas,22,32,33
ΨLσ =
1√
2πa0
ησe
−i√4piφLσ ,
ΨRσ =
1√
2πa0
ησe
i
√
4piφRσ ,
and the bosonic fields defined as:
Φσ = φLσ + φRσ , Θσ = φLσ − φRσ ,
Φc(s) =
1√
2
(φ↑ ± φ↓) , Θc(s) =
1√
2
(Θ↑ ±Θ↓).
with ησ being the Klein factor and a0 being the short-
distance cutoff. In terms of these boson fields, the corre-
lation functions mentioned above are given by:
OCDW = e
−2ikF x
πa0
e−i
√
2piΦc cos(
√
2πΦs),
OxSDW =
e−2ikF x
πa0
e−i
√
2piΦc cos(
√
2πΘs),
OySDW = −
e−2ikFx
πa0
e−i
√
2piΦc sin(
√
2πΘs),
OzSDW = i
e−2ikF x
πa0
e−i
√
2piΦc sin(
√
2πΦs),
OSS = 1
πa0
ei
√
2piΘc cos(
√
2πΦs),
OxTS =
1
πa0
ei
√
2piΘc cos(
√
2πΘs),
OyTS = −
1
πa0
ei
√
2piΘc sin(
√
2πΘs),
OzTS =
1
πa0
ei
√
2piΘc sin(
√
2πΦs).
(39)
Based on the phase diagram via weak-coupling RG and
the bosonized form of the Hamiltonian, we analyze below
the instabilities and the behaviors of various correlation
functions for (i) the charge and spin gapless (TI) topo-
logical edge states, (ii) the CI phase, (iii) the IC phase,
and (iv) the II phase.
3. The topological edge states (TI) phase
In the gapless topological edge states– the charge and
spin conducting state–various correlation functions can
be computed via correlation functions of the boson fields,
given by:
< O†CDW (0)OCDW (r) > ∼ e−2ikF x(
1
r
)Kc+Ks
∼ e−2ikF x(1
r
)1/K+K ,
< O†xSDW (0)OxSDW (r) > ∼ e−2ikF x(
1
r
)Kc+1/Ks
∼ e−2ikF x(1
r
)2K ,
< O†ySDW (0)OySDW (r) > ∼ e−2ikF x(
1
r
)Kc+1/Ks
∼ e−2ikF x(1
r
)2K ,
< O†zSDW (0)OzSDW (r) > ∼ e−2ikF x(
1
r
)Kc+Ks
∼ e−2ikF x(1
r
)1/K+K ,
< O†SS(0)OSS(r) > ∼ (
1
r
)1/Kc+Ks ∼ (1
r
)2/K ,
< O†xTS(0)OxTS(r) > ∼ (
1
r
)1/Kc+1/Ks ∼ (1
r
)K+1/K ,
< O†yTS(0)OyTS(r) > ∼ (
1
r
)1/Kc+1/Ks ∼ (1
r
)1/K+K ,
< O†zTS(0)OzTS(r) > ∼ (
1
r
)1/Kc+Ks ∼ (1
r
)1/(2K)
(40)
with Kc = K and Ks = 1/K in the helical Luttinger
liquid22. Note that in the conventional spinful Luttinger
liquids where Ks = 1, the above correlation functions get
modified accordingly19,32,33.
4. The CI phase
Now, we analyze instability and correlation functions
in the the charge conducting and spin insulating (CI)
phase. As shown in Eqs. (31) and (38), g⊥σ , g
z
σ → ∞
while gρ, gum → 0 in this phase. In the bosonized form of
the Hamiltonian, this implies that Φs is pinned to a con-
stant value22,32,33: Φs ∼ nπ/
√
8π. As a result, its conju-
gate variable Θs is disordered and exhibit exponentially
decaying correlation functions32,33. The corresponding
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leading correlation functions have the following power-
law behaviors:
< O†CDW (0)OCDW (r) > ∼ (
1
r
)Kc ∼ (1
r
)K ,
< O†SS(0)OSS(r) > ∼ (
1
r
)1/Kc ∼ (1
r
)1/K .
(41)
Note that due to the disordered nature of the Θs
field, the SDW as well as the TS orderings vanish:
< O†x,y,zSDW Ox,y,zSDW >→ 0, < O†x,y,zTS Ox,y,zTS >→ 0. There-
fore, we find the leading instabilities of the CI phase are
towards the CDW and superconductivity (SC). For re-
pulsive interactions K < 1 (or U > 0) that we consider
here, the CDW order is dominating over the SC order
as CDW correlators decay more slowly than that for SC
orders. However, for attractive interactions K > 1 (or
U < 0), it is the SC order which dominates the CI phase.
5. The IC phase
We now analyze the instability of the charge insulating
but spin conducting (IC) phase. It is clear from Eq. (38)
that Φc field is pinned to a constant value in this phase:
Φc ∼ nπ/
√
8π. The correlation functions for the CDW
and SDW orderings are given by:
< O†CDW (0)OCDW (r) > ∼ (
1
r
)Ks ∼ (1
r
)1/K ,
< O†xSDW (0)OxSDW (r) > ∼ (
1
r
)1/Ks ∼ (1
r
)K ,
< O†ySDW (0)OySDW (r) > ∼ (
1
r
)1/Ks ∼ (1
r
)K ,
< O†zSDW (0)OzSDW (r) > ∼ (
1
r
)Ks ∼ (1
r
)1/K .
(42)
On the other hand, due to the pinning of the Φc field, its
conjugate field Θc is completely disordered. Hence, the
SS and TS orderings are suppressed: < O†SSOSS >→ 0,
< O†x,y,zTS Ox,y,zTS >→ 0. For repulsive Hubbard term
U > 0 (or K < 1), the SDW orderings along x− and
y− directions are the leading instabilities of this phase as
their correlation functions decay more slowly compared
to the others. The system shows quasi-long-ranged mag-
netic order. This phase shares similarities to the Mott
insulating phase in the sense that interactions lead to a
metal-insulator transition and at the same time to a state
with magnetic order. In fact, this phase corresponds to
the SDW phase found in the mean-field approach of the
KM Hubbard in Ref. 15. For the attractive Hubbard
model U < 0 (or K > 1), however, the leading instabil-
ities go towards the CDW and SDW along the z−axis
.
6. The II phase
Finally, we analyze the charge and spin insulating II
phase. This phase occurs for a finite-sized ribbon at
half filling where all the couplings–the inter-edge hopping
term t⊥, the Umklapp term gum, scalar density-density
interaction gρ, the two-particle spin scattering terms
g⊥,zσ – become relevant under RG, t⊥, gum,ρ, g
⊥,z
σ → ∞.
From the bosonized Hamiltonian Eq. (38), this phase re-
quires the pinning of both Φc and Φs fields at Φc,s ≈
nπ/
√
2π, leading to exponential decay of all the correla-
tion functions associated with the orderings in Eq. (37)
except for the CDW ordering with a constant correla-
tor. Whether or not the II phase found here is related
to the spin-gaped, charge-gaped (similar to II phase)
spin-liquid phase found numerically via QMC in Ref. 14
or furthermore to the Anderson’s resonant-valence-bond
(RVB) spin liquid need further investigations.
V. CONCLUSIONS.
In summary, we have studied the stability of the helical
edge states and quantum phases and phase transitions of
the Kane-Mele Hubbard (KMH) model on a finite-sized
zigzag ribbon of honeycomb lattice.
We first focus on the finite-size effect of the Kane-Mele
(KM) zigzag ribbon in the absence of the on-site Hub-
bard interaction. We first reproduce in the energy ex-
citation spectrum the well-known Dirac-dispersed topo-
logical edge states. In additions, due to the finite ribbon
size, we have shown that a finite inter-edge hopping be-
tween two edge states exist, which falls off exponentially
with increasing ribbon width. This inter-edge hopping
term generates via second order perturbation two im-
portant two-particle scatterings: the inter-edge spin-flip
term and the inter-edge backscattering (or the Umklapp
term). These three terms lead to instabilities of the topo-
logical edge states.
We further analyze the instabilities of the topological
edge states, as well as possible quantum phases and phase
transitions upon including a weak on-site repulsive Hub-
bard interaction on the zigzag KM ribbon. Via perturba-
tive RG approach we find the combined effects from the
inter-edge hopping and the on-site Coulomb interactions
lead to the instabilities of the topological edge states (TI
phase) against (i) the charge and spin insulating II phase,
(ii) the charge insulating but spin conducting IC phase,
and (iii) the charge conducting but spin insulating CI
phase, depending on N = even/odd, the electron density
(filling factor), and on the ratio of the Coulomb interac-
tion U and the inter-edge tunneling t⊥, U/t⊥. Via RG
analysis we find the quantum phase transitions for TI-CI,
II-IC and II-CI are of the Kosterlitz-Thouless type. Via
bosonization approach, we furthermore investigated the
instabilities towards new orderings, including the CDW,
SDW and superconducting orders by computing correla-
tion functions of these orderings in the helical edge states,
14
as well as in the CI, IC, and II phases. Our theoreti-
cal predictions can serve as a basis to investigate further
both theoretically and experimentally correlation effects
or Mott physics in interacting topological insulators.
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